In this paper we consider two classes of linear Volterra equations: of convolution type on R + and integrodifferential with infinite delay on d-dimensional torus, both driven by spatially homogeneous Wiener process. First, we study the existence of solutions to these equations in the space of tempered distributions and then derive conditions under which the solutions take values in Sobolev spaces. We give necessary and sufficient conditions providing regularity of solutions to equations considered. The harmonic analysis techniques and stochastic integration in function spaces are used. The paper is a short review of regularity results for stochastic Volterra equations of convolution type.
Introduction
We study two stochastic Volterra equations in the space of tempered distributions S . The first equation has the form
where θ ∈ R d , a ∈ L 1 loc (R + ; R) is a kernel function and A = −(− ) β/2 , β ∈ (0, 2]. In Equation (1), W is a spatially homogeneous Wiener process defined on the probability basis ( , F, (F t ) t≥0 , P ) taking values in S and with the space covariance .
The second equation considered has the form
θ ∈ T d , where T d is a d-dimensional torus. The kernel function b ∈ L 1 loc (R + ; R), denotes the Laplace operator and W is as above. The d-dimensional torus T d will be identified with the product [−π, π) d and regarded as a group with the addition modulo 2π coordinate-wise.
The Equations (1) and (2) are generalizations, among others, of stochastic heat and wave equations and arise in the study of viscoelasticity or heat flow in materials with memory.
In this paper we answer to the following questions:
(1) When do the Equations (1)-(2) have solutions in the space S ? Before we present answers to the above questions, we recall definitions of tempered distributions and the so-called spatially homogeneous Wiener process in S .
By S(R d ) (S(T d )) we denote the totality of functions ϕ ∈ C ∞ (R d ) (resp. C ∞ (T d )) rapidly decreasing at ∞ (resp. rapidly decreasing on the torus T d ). By S (R d ), S (T d ) we denote the totality of linear functionals defined and continuous on S(R d ), resp. S(T d ), called tempered distributions. As dual spaces of S(R d ) or S(T d ), the spaces S (R d ) and S (T d ) are locally convex linear topological spaces by the strong dual topology. For details we refer to [1] or [6] . The value of a distribution ξ ∈ S (R d ) or ξ ∈ S (T d ) on a test function ϕ ∈ S(R d ) or, respectively, ϕ ∈ S(T d ), will be written as ξ, ϕ .
Any measurable mapping Y : → S (R d ) is called a generalized random field. A generalized random field Y is called Gaussian if Y, ϕ is a Gaussian random variable for any ϕ ∈ S(R d ). When the values of Y are functions, with probability 1, then Y is called a classical random field or function-valued field.
Denote U := ( , F, (F t ) t≥0 , P ). In the paper we assume that W is so-called spatially homogeneous Wiener process on U with values in the space S (R d ). Such a process may be characterized shortly as follows:
(1) For each t ≥ 0, random variables W (t) are stationary, Gaussian, generalized random fields.
(2) Process W has the covariance of the form
Since is a positive-definite tempered distribution, there exists a positive symmetric tempered (slowly increasing) measure μ on R d (i.e. there exists r > 0 :
We call the space correlation of W and μ the spectral measure of W or .
Regularity for the first equation
In this section we will use the so-called resolvent approach to the Equation (1). This means that a deterministic version of Equation (1) is well-posed and we shall denote by R(t), t ≥ 0, the corresponding resolvent operator. For more details we refer to the great monograph [5] . (1) is connected with one-dimensional Volterra equations
Any deterministic Volterra equation of scalar type
for any t, γ ≥ 0, see [5] . Example The following functions are completely positive:
For convenience, we rewrite the Equation (1) in the form
where every element is like in Equation (1).
The mild solution to Equation (5) is as follows
where the main part of the solution (6) is called the stochastic convolution
Now, we can formulate the result which confirms the existence of the solution to the Equation (1) in the space S .
and that a(t) is completely positive function. Let W be a spatially homogeneous Wiener process and R(t), t ≥ 0, be the resolvent for the Equation (5) . Then the stochastic convolution R * W (t) is a well-defined S (R d )-valued process. For each t ≥ 0 the random variable R * W (t) is a Gaussian, generalized, stationary random field on R d with the spectral measure
where s denotes a solution to Equation (3). Using Proposition 2.3 and the apparently well-known results on stochastic integration, see for instance [4] , we are able to formulate the following regularity results. Let us note that the conditions for regularity and continuity of the solutions to Equation (5) may be given in terms of the covariance kernel of the process W , as well.
Denote by ν t the law L(R * W (t)) = N (0, t ), t ≥ 0, of the stochastic convolution, defined by Equation (7). Let us define
Now, we are able to formulate results concerning the limit laws of the stochastic convolution. For more details, see [2] .
Theorem 2.6 There exists the limit measure ν ∞ = N (0, ∞ ), the weak limit of the measures ν t = N (0, t ), as t → +∞, if and only if the measure μ ∞ is tempered.
Theorem 2.7 Assume that the measure μ ∞ is tempered. Then any limit measure of the stochastic Volterra Equation (5) is of the form m ∞ * N (0, ∞ ), where m ∞ is the limit measure for the deterministic version of the Equation (5) , and N (0, ∞ ) is the limit measure of the measures ν t , as t → +∞.
Regularity for the second equation
Let us recall the Equation (2) 
Below we give the condition which characterizes H α+1 (T d )-valued solutions to the Equation (2) provided some conditions on the function b are satisfied.
The space covariance may be uniqually expanded into its Fourier series
The spatially homogeneous Wiener process W may be represented like
In Equation (9), β 0 , β 1 n , β 2 n , n ∈ Z d s , are independent real Brownian motions and γ 0 , γ n are coefficients of the series (8). For more details, see [3] . exists, where r is the solution to the equation
Example The following functions are admissible for Equation (2): Let us note that the conditions providing regularity of solution given in Theorem 3.2 can be expressed by the covariance , too.
We finish this short review with the following criteria of Hölder continuity of trajectories of the solutions to Equation (2) .
Hypothesis (H) Assume that there exist δ ∈ (0, 1) and C δ > 0 such that, for all s ∈ (−∞, t) we have: 
